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The Sheaf of The H-Cogroups
Ahmet Ali OCAL'

Abstract: In this study we show that the sheaf which is constructed in [1] is a sheaf of
H -cogroups and it is an H -cospace if we equip the set of sections of this sheaf with the
compact-open topology. Finally we give some characterizations.
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H-Kogruplarin Demeti

Ozet: Bu calismada [1] deki metod kullanilarak H-kogruplarin demeti insa edilmis ve bu
demetin her bir kesitlerinin kiimesi kompakt acik topoloji ile donatiimis ise bir H-kouzayi
oldugu gosterilmistir. Sonug olarak bazi karakterizasyonlar verilmigtir.

Anahtar Kelimeler: Kouzay, Demet, Kogrup, Homotopi

Introduction

Let C be the category of topological spaces X satisfying the property that all pointed
topological spaces (X,x), xe X have the same homotopy type. This category includes for
example all topological vector spaces. Let us take X € C as a base set if QO is any abelian H -
cogroup, then there exists a sheaf (H,n) over the topological space X which is formed by a O

H -cogroup. For each xe X, n '(x)=[0;(X,x)]= H, is the stalk of the sheaf which has a discrete
topology. (where [Q; (X, x)]:Hx is a set of homotopy classes of homotopic maps preserving the
base points from (0,¢,) to (X,x)) [1,7].

2. The Sheaf of the H -Cogroups

Definition 2.1. Let (X,x) be a pointed topological space. The diagonal map
Ay: X >XxX
is defined by A, (x)=(x,x) and the dual of the diagonal map A ,, denoted by V , with
Vy XvX—>X
defined by
VX(x,xO) =VX(x0,x)=x.[2].
Definition 2.2. Let (H,n) be a sheaf over X and s e (X, H) [1]. The folding map
Vy HvH, > H,
is defined by
Vi (Ul Gen) 7], ) = I,
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and
Vi ((sem) (7]):Lr1) = 7],
Now let us define a comultiplication on H, as follows: if [f]x,[c]x e H, then
v.:H, ->H VvH,
v (U )=V e () vl
where v is an operation ofa Q H -cogroup and
c:0—(X,x)
is a constant map.
It follows from this definition that the comultiplication v is well-defined, closed, continuous
and with this comultiplication H . is an H -cogroup. In fact, the constant map
c, H,—>H,
which satisfies
e (H,)=[c],
is a homotopy identity of a pointed topological space (Hx, [c]x ) That is, each of the

composites
Vy (1,,XVC).) vx
H._yH . vH, 5 H VvH, _yH,
(cxleX)

is a homotopic to 1 , that is,

Volly ve vy =1y =V (e, vig v,
The continuous map
O :H, —>H,
is a homotopy inverse for H . That is, each of the composites
vy (IIIX Vo, ) Vi
H._yH . vH, 5 HVvH,_yH,
(¢xv Lir, )

is homotopic to ¢,, that is

Vx (IHX V(I)x)vx =c, :VHX ((I)x VIHX )Vx '

where ¢ (x) is defined by
o, ([r], )=[re0 ],
and ¢ is homotopy inverse ofa QO H -cogroup.
It can be shown also that v is a homotopy associative.
Now we have the following results:
Result: 1. H, is an H -cogroup.
Result: 2. The sheaf which is constructed in [1] is a sheaf of H -cogroups.
Let F(X,H) denote the set of global section of H with the compact-open topology. Then

the mapping
ViD(X,H)->T(X,H )V (X,H)

V($))=v, (s (@)=v (] )=V co(f2e) ov ],
(sel(X,H ) xeX )defines a comultiplication on I'( X,H ) such that v' is well-defined,
closed and continuous [3]. In fact, if U is an open neighborhood of v'(s)in T(X,H )vI(X,H )

which is given by
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for every sel'(X,H ), then there exists is finite collection of open sets in the subbasis,
M (c;,0;)},., (J isfinite) such that

v'(s)e(m M(c,0 WA M(C,0, ))cU.
ieJ ieJ
Since the comultiplications v, are continuous in H,, we can choose neighborhoods U, of

s(x) such that if s, (x")eU,, then

v () ()=vy (5:(x"))e(0; v O, )
Thus, seNM(C;,U;) and if s'eM (C,,U,) then
V'(S)E(HM(Ci’Oi )VmM(Ci’Oi ))

since
v’(s')(x):vx(s'(x))s ﬂ(OiaOz‘)
for all xeNC;.
Let /:X—>H be the section (xo/=1) satisfying I(x)eC(c, )cH,. Such an I exists
and continuous [4], where C(cx) is the path component of ¢, in H,. Thus,

I is the identity of I'( X, # ). Hence, we have the following result:
Result: 3. Since H, is an H -cogroup, F(X,H) is an H -cospaces with comultiplication

Let S be family of supports on X and VcX. Then FS‘V(V,H) is the collection of
sections sel'(V,H ) satisfying |s|={xeX:s(x)£C(c,)} where S|V'={4cV:4eS}. The collection
FS‘V(V,H) is closed under the comultiplication of T'( X,H ) which restricted to Ty (V,H) for if
sel‘S‘V(V,H) then | s|e S|V . Since

v'S‘V (s) C:{xeX:vS‘V (V,H)eC(cx )}D|S|C R

it follows that

c|s| and so

vy (s) Vi (s)| eS|V . Also 1 ely, (V.H) (because /=
{xeXx:I(x)eC(c, )}= & )and hence Ty (V,H ) is an H -cospace.

Thus for any open subset U is of X,F(X,H) is an H -cospace (Result 3). If I/ is another

U
open subset of X such that VU we can define a map r(U,H)-T(V,H) which is called

restricted map, that is 'y (V](S )=S|V .
If U,V and W are any three open subsets of X such that WclV cU then one can
U Vv U U
observe that 'y Wz'y Woy , and so {F(U,H )'Y V,X} is called direct system [5].
3. The Characterizations
Let O be any H -cogroup and X,, X, be two topological spaces in Category C. Let
H,,H, be the corresponding sheaves which is given Result 2, respectively. Let us denote these as
the pairs (X,,H,) and (X,,H,).
Definition 3. Let the pairs (X,,H,) and (X,,H,) be given. We say that there is a
homomorphism between these pairs and write
F(B*aB )3(X1 ,Hl)—>(X2,H2),
if there exist a pair F(B*,B ) such that
1. B: X, > X, is a surjective and continuous map.
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2. B*: H,—H, is a continuous map.
3. B* preserves the stalks with respect to . That is, the following diagram is commutative
5

H > H,
B
X, S X

4. For every x, € X, the restricted map B*|Hx] tH,, —H,p(y,) is @ homomorphism.

Theorem 3. Let the pairs (X,,H,) and (X,,H,) be given. If the map B: X, > X, is
surjective and continuous, then there exists a homomorphism between the pairs (XI,HI) and
(XZ ’HZ)'

Proof. Let x, X be arbitrarily fixed point. Then B (x,)e X, and
[Q5(sz1)]:H1xlCHla[Q5(Xa B(xl))]:HZﬁ(xl)CHz

are corresponding H -cogroups or stalks.

Since (X,,x),(X,,B(x, )) are pointed topological spaces and f,,g, are base-points

preserving continuous maps from (Q,q,) to (X,,x,) then there exists f,,g, base-points
preserving continuous maps from (Q.q,) to (X,,B(x,)) can be defined as f,=8 o f;, g, =P g,
respectively. Moreover, if f; ~ g, rel.q,, then it can be easily shown that f, ~ g, rel.q,. Thus the
correspondence [f]x1 —>[B °f][5(xl) is well-defined [6] and it maps homotopy classes of base-
points preserving continuous maps from (Q,q,) to (X,,x,), to the homotopy classes of base-
points preserving continuous maps from (Q,q,) to (X,,B (x,)). That is, to each element [f]xl
there corresponds a unique element [B Of]ﬁ(xl)

Since the point x,eX is arbitrarily fixed, the above correspondence gives us a map
B":H,—~H, suchthat B"([f])=[B o/ |eH,, for every [/ ]eH,.

1) PB" is continuous. Because if U, cH, is any open set, then it can be shown that

B* (U,)=U, cH,is an open set. In fact, if U,cH, is anopen set, then U, =l_\e/lsi2 (w,) and

2

T, (Uz):_ ;, Where the W,’ s are open neighborhoods and the s; are sections over ;. Thus

UW,cX, is an open set and B~ (v chXl is an open set since B is a surjective and

iel iel
continuous map. Furthermore, since § ' (%,), il are open in X,, there exist sections
si:B 7 7))~ H,
such that
lv[sl (B - (Wt))CHl
is an open set. It can be shown that

U=v Sl (B_l (Wz))

iel

2. B* preserves the stalks with respect to B . In fact, for any
[f] EHlxlCHla
(B 0“1)([/’] J- (“1([f )-8
(2o B0 ], Joma (61, ) ([B f]vz)
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3.1t can be easily shown that B*‘ H;, is a homomorphism.

As aresult F :([3*,[3 )is a homomorphism.
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