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On C-Continuous Functions

Aynur KESKIN', Ahu ACIKGOZ!

Abstract: £ Hatir and et. al introduced a new decomposition of continuity called C-continuity. S. Jafari
investigated further this type of continuity. In this paper, we obtain some properties of C-sets
and C-continuity. :
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Ozet: [Esref Hatir ve arkadaglari, C-streklilik adli stirekliigin yeni bir ayrigimini tanimladilar. S. Jafari,
bu sureklilik gesidini daha ayrintili inceledi. Bu makalede biz, C-kiimelerin ve C-sirekliligin
bazi ézelliklerini elde ettik.

Anahtar Keljmelgr: C-kiime, C-siirekli fonksiyon, C-kararsiz fonksiyon, kuvvetli C-kapali grafik.

Introduction

E. HMatir, T. Noiri and $. Yiiksel [1] introduced the notions of a* -set, C-set and C-continuity
in topological gpaces and established a decomposition of continuity. In [3], S. Jafari investigated
further this type of continuity and introduced notion of strongly C-closed. He also proved that for f :
X — Y is a function if Y is a Hausdorff space, C-continuity necessary to strongly C-closed.
Recently, E. Hatir [4] defined C-irresolute function. In this paper, we obtain some properties of C-
sets and C-continuity. We also compare with the notions of C-continuity and strongly C-closed.

Preliminaries _

Throughout this paper X and Y indicate topological spaces on which no seperation axiom is
pressumed. Let A be a subset of a space X. The closure of A and interior of A are denoted by CI(A)
and Int(A), respectively.

We will recall some definitions used in the sequel.

Definition 2.1. A subset A of a space X is said to be

(a) a* -set [1], if Int(CI(Int(A))) = Int(A),

(b) C-set [1], if A = OF, where O is open and F is an a* -set.

We used the notion of C-open set instead of C-set and taken the notion of
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C-closed set as complement of C-open set.

Definition 2.2. A function f:X—Y is said to be C-continuous [1](resp. a-continuous [2] ) if for
each open set V of Y, £ (V) is a C-set (resp. a-set) in X.

Definition 2.3. A function f : X — Y is C-continuous at xe X, if for each open set
V c Y containing f (X), there exists a C-set U in X containing x such that f (U) c V. The function f is
called C-continuous on X if it has this property for each point x in X [3].

It is clear that Definition 2.2 equivalent to Definition 2.3.

Definition 2.4. For a function f: (X,7) — (Y, ¢), the graph

G(f)={(x f(x)):xe X}

is called strongly C-closed if for each (x,y )e ( (XxY) \ G(f)), there exists a C-set U and open set V
containing x and y respectively such that [ UxV 1N G (f) = J by ([3], Definition 2.4 ).

In [1], the following decompositions of continuity have been established.

Theorem 2.1. The following are equivalent for a function f : X = Y :

(a) fis continuos,

(b) fis a-continuous and C-continuos.

In [4], E. Hatir given a new strengthen type of C-continuity called C-irresolute. This notion is
given as similar to following.

Definition 2.5. A function f : X — Y is said to be C-irresolute, if for every C-set of Ain', its
inverse image f . (A) is C-set in X ([4], Definition 4.1 ).

Definition 2.6. A point x in X called ‘C-cluster point of A c X if A~ C = & for every C-set C
containing x. The set of all C-cluster points of A is called C-closure of A ([3], Definition 2.1 ). He
also denoted C-closure of A by [ A Jcand said that Ais a C-closed if [A Jc=A

Some new properties of C-sets

The family of all C-sets of a space ( X, 7) will be denoted by C( X, t ) or C(X).

Remark 3.1. The union of two C-sets need not be an C-set.

Example 3.1. Let ( X,7) be the same topological space as in [1], Example 3 that is, X=
{a,b,c,dyandt={@, X, {a},{a,d},{abd}{acd}}).Then{a}and{b}are C-sets,
but{a}u{b}={a, b}isnot aC-set. Itis known in [5, Theorem 2.11] that the intersection of any
members of a*(X,7) belongs to o*(X,t) .Furthermore, the intersection of two open-sets is always an
open set from [6], Chapter 1, Definition 1. It is clear that , the intersection of finite members of
C(X,7) belongs to C(X,7).

We can also give the following two lemma.

Lemma 3.1. If A is an open and C is a C-set in a space X, then (AN C)is a C-setin a
space X.

Proff. Since C is a C-set, there exists an open set O and a C-set F such that C = O n F, from
Definition 2.1.a). It folows that B = A n O is an open set, because the intersection of two open-sets
is always an open set from [1], Chapter 1, Definition 1. Therefore;

ANC=AN(0ONF=(An0O)NnF=BnF=Cy
is a C-set from Definition 2.1.b).
Lemma 3.2. If Fqis an o *set and C is a C-set in a space X, then C n Fyis a C-set in a

space X.
Proff. Since C is a C-set, there exists an open set O and C-set F such that C = O n F,
Definition 2.1.b). It folows that F, = (F n Fq) is an o *-set, because the intersection of two o *-

sets is always an o. *-set from [5], Theorem 2.11. Therefore;
CF\F1“(O(‘\F)(\F1 Oﬁ(Ff\F1)—OﬁF2—C2
is a C-set from Definition 2.1.b).
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We can ask this question ourselves: “Are there else sets such that its intersection with a C-
set is a C-set?” This question is a clear problem with this subject.

4. Some new properties with C-continuity

S.Jafari [3] given following theorem without proof. We prove its.

Theorem 4.1. The following are equivalent for a functionf: X - Y.

(a) fis C-continuous,

(b)f([Alc) cCl(f(A)) for every subset A of X.

(c)[f(B)cc f'[CI(B)]forevery subset B of Y.

Proof. a) = b ). Let x e [ A]c and V be any open set in Y such that containing f(x). By
hypothesis, there exists a C-continuous function f such that f : X — Y. Therefore f ' (V)isa C-
set in a space X such that containing x from Definition 2.2. In this condition, before xe [A]c and (
Anf™(V))=@ by Definition 2.6. Hence, (f (A) " V) =@ and f (x) e Cl (f (A)). It follows that f
([Alc) cCl(f(A)) forevery subset A of X.

b)=c).Ifwetake A=f~'(B), we could obtain

f([f(B)lc)cCI(f(f"(B)))=CI(B)
by b). Since
f([f7(B)lc) cCl(B),
it follows that
[f'(B)le < f'(CI(B)).
c) = a). F be any closed set in Y. Therefore,
[f(B)lc « f(CI(F))=f"(F)

by ¢). Hence, f (F)is a C-closed set in X, so f function is a C-continuous.

Example 4.1 shows the well-known fact that even C-continuous functions may not have
strongly C-closed. Example 4.2 shows the equally well-known fact that a function having strongly
C-closed graph need not be C-continuous.

Example 4.1. Let ( X, 7 ) be a topological space such that X={a, b, ¢, d } and T=
{X,&,{d},{b,c} {b,c,d}} Let (Y, ¢) be atopological space suchthatY={x,y}and ¢ ={Y,
D,{x}} Letf:(X,t)—> (Y, ¢) be afunction defined as follows: f (a)=f(b)=xandf(c)=f(
d) =y. Then f is a C-continuous functions ( This example is given and f is a denoted C-continuous
functions in [1], Example 4.2), but G(f) is not strongly C-closed. In fact; for(a,y)e G(f),
there exist a C-set { a, b } and an open set Y containing a and y, respectively. In this case, we
obtain that

(f({a;b})nY)=({x}INnY)=D.
It follows that, G ( f) is not strongly C-closed from Definition 2.4.

Example 4.2. Let ( X, ©) be the same topological space as in Example 3.1 thatis, X ={a, b,
c,dyandt={@, X, {a}{a,d} {a b,d} {a c,d}} Let (Y, ¢) be atopological space such that
Y={x,y,z}and o= g (Y).Letf: (X, 1) — (Y, @) be a function defined as follows: f (a)=f (b
)=x,f(c)=yandf(d)=z Then G (f) is strongly C-closed, but f is not a C-continuous. In
fact, for an open set { x } of ¢ containing x, £ {x})={a,b}eg C(X 1).Itfollowsthat, fis nota
C-continuous functions from Definition 2.2.

Remark 4.1. Although the composition of two continuous functions is a always continuous
function, the composition of two C-continuous functions is not a always C-continuous function as
the following example shows.

Example 4.3. Let (X, 7) be the same topological space as in Example 4.1. that is; X=
{a,b,c,d}andt={X &, {d},{b,c} {b,c,d}} Letf: (X 1)— (X 1) beidentity function. Let
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g be the same function as f in Example 4.1. Since f, is a identity function, it is always continuous.
According to [1] , Theorem 4.1, it also C-continuous. We denoted that g is a C-continuous function
in Example 4.1. But gof : (X, ©) — (Y, @) is not a C-continuous function. Actually; for {x} c Y open
set such that containing X, g'1 ({x}) ={a, b}isaC-setin X by Definition 2.2 but not an open set
in X.

We will obtain some conditions for the composition of two functions to be C-continuous.

Theorem 4.2. If f: X — Y is C-continuous and g : Y — Z is continuous, then gof : X = Zis
C-continuous.

Proof. Let V be an open set of Z. Since g is continuous, g (V)isanopensetinY.In
addition since f is C-continuous by Definition 2.2, ! ( g‘1 (V)) = (gof )‘1 (V)isaG-setinX. It
follows from Definition 2.2 that gof is C-continuous. .

Theorem 4.3. If f:X—Y C-irresolute and g:Y—Z is C-continuous, then gof:X—Z is a
C-continuous.

Proof. Let V be an open set of Z. Since g is C-continuous by Definition 2.2, g‘1( V) is an C-
set in Y. In addition since f is C-irresolute by Definition 2.5, (g™ (V) ) = (gof )™ (V) isa C-setin
X. It follows from Definition 2.5 that gof is a C-continuous.

Remark 4.2. If f : X — Y is C-gopfjpuous and A X an arbitrary subset, then the restriction
flA:A = Y is not C-continuous function as the following example shows.

Example 4.4. Let (X,7) and (Y,¢) be same topological spaces as in Example 4.1. Let fi(
X, 1) = (Y, @) be a function defined as follows: f (a)=f(b)=f(d)=xand f(c)=y. Thenfis
a C-continuous functions. But; for A = { a, b, ¢ } is a subset of X, flA: (A, ta)
— (Y, @) is not C-continuous. Actually, for an arbitrary subsetA={a, b, ¢}, Ta={A I, {b} {
c}, {b, c}}. We take an open set { x } in Y such that containing x. In this case, (f|A) =t ({x})={
a,b,d}isnotaC-setin (A, ta). 4

We will obtain some conditions for the restriction of a C-continuous functions to be C-
continuous. We recall that; “ Let f : X — Y is an arbitrary function and A is a subset in a space X.
Then f|A: A — Y is called restriction”.

Theorem 4.4. If f : X — Y is C-continuous function and A is an open set in a space X, then
the restrictions f|A : A — Y is C-continuous function.

Proof. Let V be an open set of Y. Then f ' (V) is a C-set in X. It follows from Lemma 3.1
that (FIA) ™' (V)= (f~' (V) nA)is a C-set in the subspace A. Therefore, f|A is a -
continuous by Definition 3.2.

It is clear that; C-continuityis not a heredity property.

Theorem 4.4. If f : X — Y is C-continuous function and A is an o *-set in a space X, then the
restrictions f|A : A — Y is C-continuous function.

Proof. Let V be an open set of Y. Then f'(V)isa C-setin X. It follows from Lemma 3.2
that (f|A) =" (V) =f""1(V) ~Aisa C-setin the subspace A. Therefore, f|A is a C-continuous by
Definition 3.2. :
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