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The Almost Hilbert-Smith Matrices on Ged-closed Sets’

Ercan ALTINISIK? - Dursun TASCF

Abstract: Let S={x,X,w,X,} be a set of positive integers and let (xi,xj) denote the
greatest common divisor of x; and x;. The nxn matrix [S]=(s;), where
S = (xi,xj )/xixj , is called the almost Hilbert-Smith matrix on S. In this paper we
obtain the value of the determinant [S]:(sij), and calculate the inVérse of
[s]=(s;) when S is gcd-closed.

Key Words: The almost Hilbert-Smith matrix, the GCD matrix, gcd-closed set, factor
closed set.

En Biiyiik Ortak Bélen Kapali Kiimeler Uzerinde
Hemen Hemen Hilbert-Smith Matrisleri

Ozet: S= {x1,x2,...,xn} elemanlari pozitif tamsayilar olan bir kiime olsun ve (xi,x j), X; ve

X; tamsayilarinin en blyidk ortak bélenini géstersin. j-yinci elemani

S; =(xi,xj)/xixj olan nxn tipinde [S]=(s;) matrisine, S kimesi tizerinde hemen
hemen  Hilbert-Smith ~matrisi denir. Bu galismada [S]=(s;) matrisinin
determinantinin degeri elde edilmis ve S, en bliytik ortak bélen kapal 3ltugunda
[s]=(s;;) matrisinin tersi hesaplanmstir. :

Anahtar Kelimeler: Hemen hemen Hilbert-Smith matrisi, GCD matrisi, en biiyiik ortak
bolen kapali kiime, ¢carpan kapali kiime.

1. Introduction

Let S ={X;,X,,...,.X, } be a set of distinct positive integers. The matrix (S)= (s;), where
S =(xi,xj), the greatest common divisor of X; and Xx;, is called the greatest common divisor
(GCD) matrix on S [1]. Beslin and Ligh initiated the study of GCD matrices in the direction of their
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structure, determinant, arithmetic in Z, . Also they showed that det(S) = o(x, Jp(x; ).-¢(x, ), where
¢ is Euler’s totient function, if S is factor closed. A set S of positive integers is said to be factor
closed (FC) if all positive factors of any element of S belong to S. In [2] Li calculated the
determinant of the GCD matrix on S when S is not factor closed.

Then Beslin and Ligh [3] showed that the determinant of the GCD matrix on a gcd-closed
set S ={X;, Xp,.... Xn 1 is B(x1)B(X)..B(x, ), where B is an arithmetical function defined on S as

B(x)= Y 0(d).
djx;
dlx;
j<i
Aset S= {x1,xz,...,xn} of positive integers is greatest common divisor closed (gcd-closed) if for

every i,j=12,...,n, (xi,xj) is in S. Also, Beslin and Ligh calculated the determinant of the GCD

matrix on S when S is not gcd-closed. Furthermore, Bourque and Ligh calculated the inverse of the
GCD matrix on S if S is gcd-closed [4].

Let f be a multiplicative function and let S = {x1, xz,..,,xn} be factor closed. An arithmetical
function f is called multiplicative if f is not identically zero and if f(ab) =f(@)f(b) whenever

(a,b)=1. Denote by f([xi,xj]) the nxn matrix having f evaluated at the least common multiple

[xi,xj] of x; and X; as its ij-entry. In [6] Bourque and Ligh calculated the determinant of f([xi,xj]).

Also they obtained the inverse of f([xi,xj]) if f([xi,xj]) is invertible.

In this paper, we give a structure theorem for the almost Hilbert-Smith matrix and calculate
the determinant of the almost Hilbert-Smith matrix on S whether S is gcd-closed or not. Also we
show that the almost Hilbert-Smith matrix is positive definite. Furthermore we calculate the inverse
of the almost Hilbert-Smith matrix on S if S is gcd-closed. In the last section we compare our
results with the results presented by Bourque and Ligh [6].

2. The Value of the Determinant of the Almost Hilbert-Smith Matrix
Definition 1. Let S ={x1,x2,.:.,xn} be a set of distinct positive integers and let (xi,xj)

denote the greatest common divisor of X; and X;. The nxn matrix [S]=(si]-), where

s = (xi,xj)/xixj , is called the almost Hilbert-Smith matrix on S.

It is obvious that the almost Hilbert-Smith matrix on S :{x1,x2,...,xn} is symmetric and

rearrangements of the elements of S yield similar matrices. Hence, we may assume
X, <X, <...<X,. Throughout this paper, S={X;,X,,....X,} denotes an ordered set of distinct

positive integers such that X, <X, <...<X,.

Definition 2. A set S of positive integers is said to be factor closed (FC) if all positive
factors of any element of S belong to S.
Definition 3. A set S={x1,x2,...,xn} of positive integers is greatest common divisor

closed (gcd-closed) if for every i,j=12,...,n, (xi,xj) isin S.

Every factor closed set is gcd-closed, but not conversely.

It is clear that any set S = {x1,x2,...,xn} of positive integers is contained in a gcd-closed
set. By S we mean the minimal such gcd-closed set, or gcd-closure of S. It is obvious that
ScS,and S=S if and only if S is gcd-closed.
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Let B be an arithmetical function on a set S={x1,x2,...,xn} of positive integers with
X, <X, <...<X, defined as

B(x,)="¢(d), ™)

djx;
dix
j<i

where ¢ is Euler's totient function. For every i,j=12,...,n,

b x;)= RE )B(xk) )
X (xi.X;

if S =1{Xy,Xz,...,. X, } is gcd-closed [3].
The following theorem describes the structure of the almost Hilbert-Smith matrix.
Theorem 1. Let S= {y1,y2,...,ym} be the gcd-closure of S= {x1,X2,...,xn} .with
Xy <Xy <...<X, and Y; <Y, <...< Y. Then the almost Hilbert-Smith matrix on S is the product

of an nxm matrix R and an mxn matrix Q.
Proof: Let the nxm matrix R= (rij) and the matrix Q = (qij) defined as follows:

B(yj)
—L  ifyix,
rij= Xi le i
0 otherwise,

and
1
G =1 %;
0 otherwise.

if Yilxj,

By (2) the ij-entry of RQ is equal to

3 Byi) _ 1 X
( }1 k§=; Tk Ok y% XX | XX %X] (yk ) XX

iy ) i

yilx;
Then [S]=RQ. Thus the proof is complete. ]
Let R=(;) and Q=(qij) be as in Theorem1. It is clear that T =qjiB(yj). If
A =diag(3,,3,,...,8,,), where & =B(y;) for i=1,2,...,m, is an mxm diagonal matrix, then the
almost Hilbert-Smith matrix on S is written as [S]=QTAQ. Also we défine the nxm matrix
E= (eij), where

o =1 Vi ®
" |0 otherwise,
and the nxn matrix D = diag(i,i,...,i]. Itis clearthat QT =DE . Then

[S]=RQ=QTAQ=DEAED.

Theorem 2. Let S and S be as in Theorem 1. Then the determinant of the almost Hilbert-
Smith matrix on S is
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detfsl= Y ldetQl . kn))2 By, BV, )- By, ).

15k, <k, <..<k, <m

where Q.. ) is the submatrix of Q" consisting of K;th,K,th....,k,th columns of Q.

Proof: From Theorem 1 [S]= RQ. Now apply the Cauchy-Binet formula (see [5], p. 9) to

obtain
det[S]=det(RQ) = 2 detRy ,...x.) 98t Qf ,..k)
18k <k, <...<k,<m

It is clear that

det R ,...k,) =det Q&,,kz k,)det Ag k,...k,) =det an;l,k,,...,kn )B(Yk, b(yk, )--AB('Yk,. )

.....

Then _
det[S]= z (det Q(Tk,,kp...,k,,))2 B(ykl )3(ykz )-B(ykn )
1<k, <k, <...<k,sm
Thus the proof is complete. =

Corollary 1. Let S and S be as in Theorem 1. Then the determinant of the almost Hilbert-
Smith matrix on S is

det[S]= 2—21-2— Y (det E(kl,kz,...,kn)) : B(yk1 )B(sz )--B(ykn )
1 X2 Xp 1k, <k, <..<k, <m
where Eg y, ) is the submatrix of E= (eij) consisting of k,th,k,th,...,k,th columns of E = (eij)
given in (3).
Proof: By Theorem 2,

det[S]= 2 (det Qz;(l,k,,...,k,,))z B(Yk, P()’k2 )"B(yk,. )

1<k, <k, <..<kp, <m
It is clear that

det Q&1k2----nkn) = det D det E(k1,k2 _1""' det E(k1,k2 '''' kn) y

""" ) T XXy X
since QT =DE . The result is immediate. ]
Example 1. The almost Hilbert-Smith matrix on S = {4,6,8} is
[ 1 1 1]
4 12 8
sl=|L 1 4
12 6 24
1 1 1
8 24 8]

Since gcd-closure of Sis S = {2,4,6,8}, E= (eij) givenin (3) is
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1 1 0 1

By Corollary 1,
11 0 11 07
det[S]=—2—12—2 1 0 1| B2B@BE)+[1 0 0 BRB4BE)
42628
11 0 11 1
10 0 1 0 07
+/1 1 0 B@B@EBE)+[0 1 0 B(4BEB®E)|
10 1 10 1
Since

B()=0(1)+0(2)=2, B(4)=¢(4)=2, B(6)=0(3)+¢(6)=4, and B(8)=0¢(8)=4,
we have

5
det[S] = 2—3a‘ .

Corollary 2. Let [S]= (sij) be the nxn almost Hilbert-Smith matrix on a set
S = {X4,Xz,..., X, } Of positive integers. Then [S]= (sij) is positive definite and invertible.

Proof: Let S and S be as in Theorem 1, and let [S]= (sij) be the nxn almost Hilbert-
t

=

Smith matrix on S. Consider the matrix [St]= (sij) ,» Which is a submatrix of [S]: (Sij) for every

t=12,...,n. It is clear that [S,] is the txt almost Hilbert-Smith matrix on the set
S, ={X,%,,...x}cS. S, the gcd-closure of S, is a subset of S since S,cS. Let
S, ={y(,t!,ym2,...,ymr } where {o,,0y,..., 0, f {1,2,...,m} with oy <o, <...< 0, . By Corollary 1,
©tlSl-oa—  SletEe o w) Bl B, ) BK,) @
Xy Xp.. Xy 12k, <k, <..<k¢<r
for every t=12,...,n. Since each summand in the right hand side of (4) is positive, det[S,]>0 for
every t=12,...,n. Thus [S]: (sij) is positive definite, and hence invertible. =

3. The Inverse of the Almost Hilbert-Smith Matrix

In this section we calculate the inverse of the almost Hilbert-Smith matrix on S when S is
gcd-closed.

Theorem 3. Let S = {x1,x2,...,xn} be gcd-closed. Then the inverse of the almost Hilbert-

Smith matrix [S]= (sij) is the matrix B = (bij) such that
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by=xx; 3, = k)dZu(d) D h(d)

Xllxk XXk dx X
XXk dx; %, dx]lx(
Xy <X X <Xk

where L is M&bius function.
Proof: Let Q=(qij) be the nxn matrix defined in Theorem 1 and the nXxn matrix

N= (nij) be defined as follows:

Ny =% Zu(d)

dx;lx;
dx,[x(
Xp<Xj

Calculating the ij-entry of the product NQ gives
n 1 if i=j,
(NQ).j =2niquj 2 El»l Z {
k=1 Xklxl j dx,lxk j 43 0 if i#j.

dx; [ Xy
X¢ <X

Hence Q" =N. If A=diag(B(x,),B(X,),..,B(x,)) then [S]=QTAQ . Therefore
[SI'=NA'N" = (bij), where

by = (NA_INT)j =§;—B(—i3nik”,k =% Z Z” d) > n(d).

Xj

::‘&: 3§:';;': ol
Xy <Xy Xy <Xg
The proof is complete. =
Example 2. The almost Hilbert-Smith matrix on S = {2,4,6} is

[ 1 1 1]

2 4 6

g1 11

4 4 12

1 1 1

6 12 6

[S] is invertible, since S ={2,4,6} is gcd-closed. Moreover, by Theorem 3

. 22[u(1)u(1) Wee) u(3)u(3)J 5’b12=2_4_(u(2)1(1)]=_4,

B2)  B@4)  B() B(4)

o BERM) _ PO ON¢
bys = 2.6.”—8@— =-3, by, = 4.4.[2—(&()—)): 8, b, =0, by, =6.6. ”ggg )_o

Therefore, since [S]' =B = (bij) is symmetric we have
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[sI'=|-4 8 0

4. Discussion
In this section, we compare our results with the results presented by Bourque and Ligh in

[6].

Let f be a multiplicative function, and let S ={x1,x2, ,X, } be factor closed. Denote by
f([x,, j]) the nxn matrix having f evaluated at the least common multiple [X;,X;] of X; and X; as

its ij-entry. In [6] Bourque and Ligh calculated the determinant of f([x,, j]) and also they obtained

the inverse of f([x,,x ]) if S is invertible. If f is defined as f(n)=1/n for all ne Z" then f([x,, X;] )

becomes the nxn almost Hilbert-Smith matrix on S. For f(n) =1/n, the statements of Theorem 2
in [6] are special cases of our results since every factor closed set is gcd-closed.

Let [S] be the nxn almost Hilbert-Smith matrix on S = {X;,X,,..., X, }. If S is factor closed
then B(x;)=d(x;) for every i=12,...,n, and the matrix E=(e;) given in (3) is an nxn lower

triangular matrix with diagonal (1,1,...,1). Thus, by Corollary 1,

det[31=ﬁ¢—(’§i—), ©)

and by Theorem 3, the inverse of [S] is the matrix B = (bij), where

e X | 6
P XXJx”Zx: ¢(xk ( i}{xj) e

It should be noted that one can obtain (5) and (6) by taking f(n) =1/n in Theorem 2 of [8].
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