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Poisson Integral Formula For An Elliptic Type Equation

Fatma TASDELEN'

Abstract : In this study, Poisson integral formulas are obtained for the GASPT equation
and for a partial differential equation of elliptic type defined in a domain with the
boundary given by a non-isotropic distance.
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Eliptik Tipten Bir Denklem igin Poisson integral Formiilii

Ozet: Bu galismada, GASPT denklemi ve siniri non-izotropik uzaklikla verilen bir bélgede

tanimli, degisken katsayili eliptik tipten bir denklemin ¢6zimleri igin Poisson
integral formiilii elde edilmigtir.
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1. Introduction

Let us consider the open disc
D=*r{x,y): x? +y? <a2}
and its boundary ,
8D={(x,y).‘ x*+y? =a2}
defined in xy-plane. Here a is a positive constant. The problem
Au=u,+u, =0 in D

u(x,y)=f(x,y) on 3D o
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defines a Dirichlet problem for a circle. Here, A shows as usual the Laplace operator

By making the transformations x=rcos® , y=rsin@ , we can redefine the problem in

polar coordinates as

1 1
Au*=u:r+-—u:+—7u;9=0 ; O0<r<a
4 r )
u" (a,0)=f(0) . 0<0<2m
The solution of problem (2) is given by the well- known Poisson integral formula [2,3].
2 _ 7‘2
u (r,0)=— j = AL 3)

—2arcos(0 —7)+ r?

2. Poisson Integral Formulas

Now let us consider the well-known GASPT (Generally Auxiliary Symmetric Potential

2 2

Theory) operator [1,4]

x ax ay

where o, (i= 1,2,...,n) is constant, and the elliptic type operator
2
L, z X2 9 1 1__1_ 12 9 (5)
= ox? m\ m | ox

B ={(x1,...,xn,y) cxl 4+ x+y? <a2}

and let

D, ={(X X, Y) 1 X A XL+ Y = a*}
D, ={x,x,) i xi" 437" <’}
oD, = {(x, %) x2" +x2™ = a?}
where a is a positive constant, m, and m, are positive integers. In [1], some particular solutions

of GASPT equation defined by the operator (1) is obtained and in [4], Harnack type inequalities for
the positive solutions of the same equation are given.
Let us consider the following two Dirichlet problems:
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Lu(x,,x,,...x,,y)=0 , in D,

(6)
u(xl,xz,...,xn,y)=f(Jx,2+x22+...+x: ,y), on oD,

and
Liu(x1,x2)=0 , in Dy
u(xy,xp)= f(x,x3) , onoD,

In this study, we give the solutions of these two problems in terms of an integral which

@)

includes the boundary values and a Poisson type kernel. Thus we refer the solutions as Poisson
integral formulas for the Dirichlet problems. Let us first give the following lemma.

Lemma 1. Let

n-1+Y o, =0. ®)
i=]
Then, under the transformation
x*=xl+x+..+x2, 9)
the equation
2 (0% o, ou | J%u
Lu=)|—F+—t— [+== (10)
=\ ox} x,0x, | dy
is reduced to the Laplace equation.
. 0%u;,  9u;
Li} ="+ L =0 (11)
ox oy

. 22 2 2 . 2 2
Proof. Since x° =x; +x, +...+x, and u(x,,...,X,,y) =1, (w/x] +...+x,,,y)

we have

ox X,

— 1

ox, x

2
%% x2 —y2

x? X
Thus by the chain rule

ou _ x, ou;

ox, x ox,

and

u (x Y 0% (x*—x2)ou
—=|= + .
ox! | x ) ox? x> ox

By substituting these values in (10), we obtain
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n
« h=1+) 0O, . . "
0%u, ,Z;‘ ou;, d’u,

1

ox* x ox ady

*

Lu, = =0.

2

Since n—1+ Za,. =0, we get the Laplace equation
i=l
. 0% 0%u
Lu =L+ S5 =0,
ox oy
which gives the proof.
Theorem 1. The solution of the Dirichlet problem defined by (6) under the condition (8) is given by

the Poisson integral formula

21 2 _ 2
L L frn
2 g a’ —2apcos(6—1)+p

Aok

(p.8)

Y

_ 2 2 2 —
where p—J;l +..+x,+y" and 6 =arctan—— -

X 4. X,
Proof. By Lemma 1, under the condition (8), the equation (10) can be reduced to the Laplace
equation
. 0%, 9w,
Lu; =— .

ox ay
and hence with the transformation (9), Dirichlet problem (6) is transformed to the problem
Lu(xl,...,x",y)=Lu;(,/x12+...+x§,y)=0 ; in D
u(xl,...,xn,y):u;(,/xlz+...+x,2, ,y)=f(x,y) ; on oD

We know that the solution of this problem, in polar coordinates is given by the Poisson integral

=0

formula

2n

Aok ].
u (pre):gj
0

a* —p?
a® —2apcos(6—1)+p

—f(t)dr.

Thus, the function

u(Xy,.nX,,y) =t (X,y)=u" \/x12+...+x§+y2 | arctan———2
,/x12+...+x:

gives the solution of problem (6).
Now, we obtain the Poisson integral formula for the problem (7).
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Lemma 2. The equation
L=y Lo ZU_ L) L 20,
i=1 i i i i i

under the change of variables

x, =(r cosf)™ ,  x,=(rsin@)™,
is transformed to the Laplace equation in polar coordinates
%u; 1 3%, 1 du
2 t oo T3 =
on® n’d6® o

Lu, =

Proof. Since x, =(7,c0s6)"™ ,and x, =(7 sinB)"™ we have

R=xM+x™, 0= arctan(xl'”"xg"z).
In addition,
du 2m 2m ou, -1 au
i 2 2m -1 _ m 2m 2m. Rl
ax n21( 1+x2 2) J ? mx1 2(x 1+x2 z)
1
ou - au -1 gUu
=m (xzml + xzml) 2 2m2 1 —1 -—-mle ”‘2 (xzml + x;mz) 1
o, o, 26
d%u o am 0%, 3 3%y
> _ml (x2m1 +x2mz) 1 4n11 2 _2m1( 2m1 +x22m2) 2 3ml 2x£"2 1
ox, or,’ 91,00
= _, 0%u
e im o 2 870
2
06
> = |Qu
| my(2my =1)(x!™ + 237 )2 62 — Pt 2m g x2m )2 [T
on
-1 -
—m, (nzl - l)xml ny (x2m| < x22mz) + 2m]2x;nz 3my— (x2ml o5 xé’lmz)

+

Ls)

(12)

(13)

(14)

(15)

9
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azu 82 =3 ) Zu
=m] (x2ml +x2m2) -1 4"‘1'2 _2m2 (mel +x2m2) 2 ’"1 ;mz— 1

ox; or’ 9r,00

2
2 2 2 -
il (™ 4™ ) 2-—21

ou,

+[mz(2m2 _l)(xlzml +x2mz)2 o mjx;"h (xlzm1 +x2m2) :| 3
1

- _, |ou
+ [1112(m2 —1)xM e (x2m +x§"”) —amExm i (x4 x)" )7 L—ael

Substituting these values in (12) we obtain (14).
Theorem 2. The solution of the problem defined by (7) is

17 a’-n’
u,(r,0)= ' ~fi(t)dt
2 o a’ —2ar, cos(0— T)+1’
where 7 =x/™ +x.™, 6= arctan(xl"”‘x;"’).

Proof. By Lemma 2, we have
0%u, 1 0% 10
= J— + — —

Lu +
YUoorr r? 06 noon

and by (13), the boundary condition is
u((a cos G)mL1 , (asin 9)311; ) = f((a cos G)mil, (asin B)Tan )

u, (2,0)= £,(8) ; 0<0<2m

Hence by (2), the solution of this problem is given by Poisson integral formula

2n 2 2
1 a” =¥

=fi(t)dr.

u(n,0)=
: o o a’ —2ar, cos(0— T)+r’

Thus
u(xl,x2)=ul((x12'"‘+x§’"2) . arctan(x;™ X )

gives the solution of problem (7).
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