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Dursun TAŞCI 1
 
 

Abstract: In this paper for any matrix )R(M)a(A nij ∈=  we defined  and adjAA)A( ο=ϕ

( )TT adjAA)A( ο=ϕ , where T denotes transpose and ο  denotes Hadamard product. We obtained 

some properties of   and .  )A(ϕ )A(Tϕ
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Bir Kare Matris ile Onun Adjoint Matrisinin Hadamard  
Çarpımları Üzerine 

 
 

Özet: Bu çalışmada reel elemanlı herhangi bir n×n A kare matrisi göz önüne alınarak  

ve 

adjAA)A( ο=ϕ

( )TT adjAA)A( ο=ϕ  matrisleri tanımlandı ve bu matrislerin bazı özellikleri elde edildi.  
 
Anahtar Kelimeler: Hadamard Çarpımı, Adjoint Matris. 

 
 

Introduction and the Main Results 
 

Firstly we give the following definitions 
 
Definition 1.[1] The Hadamard product of nij M)a(A ∈=  and nij M)b(B ∈=  is defined by 

.  nijij M)ba(BA ∈=ο
 
Definition 2.[2] Let  be  an n×n matrix over any commutative ring. The permanent of 

A, written , is  defined by 

)a(A ij=

)A(per

∑
σ

σσσ= )n(n)()( aaa)A(per K2211 , 

where the summation extends over all one-to-one functions from { }n,,2,1 K  to { }.  n,,2,1 K
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Definition 3.[3] For any matrix nij M)a(A ∈=  the column matrix norm 1.  is defined by 

∑
=≤≤

=
n

i
ij

nj
amaxA

111 . 

 
Definition 4.[3] For any matrix nij M)a(A ∈=  the row matrix norm 

∞
.  is defined by 

∑
=≤≤∞

=
n

j
ij

ni
amaxA

11
. 

 
Definition 5.[3] For any , the Euclidean matrix norm is defined by nij M)a(A ∈=

2
1

2

1 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
= ∑

=

n

j,i
ijE aA . 

Definition 6.[3] For any matrix nij M)a(A ∈=  sum matrix norm t.  is defined by 

∑
=

=
n

j,i
ijt aA

1
. 

 
Now we present the main results. 

 
Theorem 1. For any  )(M)a(A ij R2∈=

( ) )A(per)Adet()A(det =ϕ  
and 

( ) )A(per)Adet()A(det T =ϕ , 
where  denotes 2×2 matrices with real entries, )(M2 R adjAA)A( ο=ϕ  and 

.  ( )TT adjAA)A( ο=ϕ
 
Proof. For any matrix 

⎥
⎥
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⎡
=
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since 

⎥
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⎤
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−

−
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we write 

⎥
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⎢
⎢
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⎡
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−
=ο=ϕ
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2
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)a(aa
adjAA)A( . 

 
 

 44



ON THE HADAMARD PRODUCTS OF  ITS ADJOINT MATRIX WITH 
A SQUARE MATRIX 
 
 
If we compute the determinant of , then we find  )A(ϕ

( )

.)A(per)Adet(

)aaaa()aaaa(

)aa()aa()A(det

=

+−=

−=ϕ

2112221121122211

2
2112

2
2211

 

Similarly it is easily seen that 
( ) )A(per)Adet()A(det T =ϕ . 

Thus the proof is complete. 
 

Remark 1. Unfortunately Theorem 1 is wrong for . Let us give a counterexample. 
Consider 

3n ≥

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=
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121
321

A . 

Since  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−−
=
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426

Aadj  

 
we find 

ϕ . 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−−
=

044
242

1246
)A(

On the other hand, since ,  ( ) 272=ϕ )A(det ( ) 216=ϕ )A(det T , 4−=)Adet(  and , it 
follows that  

40perA =

( ) )()det()(det AperAA ≠ϕ  
and 

( ) )A(per)Adet()A(det T ≠ϕ . 
 

Theorem 2. For any matrix )(M)a(A ij R2∈= , the eigenvalues of  are , 

. Also the eigenvalues of  are 

)A(ϕ Adet=λ1

)A(per=λ 2 )A(Tϕ Adet1 =λ , )A(per=λ 2 . 
 

Proof. For any matrix  

⎥
⎦

⎤
⎢
⎣

⎡
=

2221

1211

aa
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A  

since 

⎥
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we have  

( ) ( )22112
2

22112211
2

2211
2

21

2
122211

2 aaaaaa

aa)a(

)a(aa
det))A(Idet(

−+λ−λ=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−λ

−λ
=ϕ−λ

                       (1.1) 

On the other hand the roots of the equation (1.1) are 
211222111 aaaa −=λ   and  211222112 aaaa +=λ . 

Moreover since  
21122211 aaaaAdet −=     and   21122211 aaaa)A(per +=  

we find  
Adet=λ1    and  )A(per=λ 2 . 

Similarly it is easily seen that the eigenvalues of )A(Tϕ  are Adet=λ1   and . )A(per=λ 2
So the theorem is proved. 
 

Remark 2. Unfortunately Theorem 2  is wrong for . But  is always an eigenvalue 
of  for . We state this fact as theorem . 

3n ≥ Adet
)A(Tϕ 3n ≥

 
Theorem 3. For , at least  an eigenvalue of 3n ≥ )A(Tϕ  is equal to . Adet

 
Proof. We remark that 

ininiiii aaaAdet α++α+α= K2211 ,    )n,,2,1i( K=                                                        (1.2) 
or  

njnjjjjj aaaAdet α++α+α= K2211 ,   )n,,2,1j( K=                                                       (1.3) 

where  denotes cofactor of  , i.e., .  ijα ija )Adet()( ij
ji

ij
+−=α 1

 Using the properties of determinants and considering (1.2) we have  
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it follows that  is eigenvalue of .  Adet )A(Tϕ

 
Theorem 4. Let A be n×n real matrix, then all the row sums and column sums of  are 

equal to . 
)A(Tϕ

Adet
 

Proof. If  denote the row sums of  n21 r,,r,r K )A(Tϕ , then we write  

∑
=

α=
n

j
ijiji ar

1
. 

On the other hand considering (1.2) we have  

∑
=

α==
n

j
ijiji arAdet

1
     )n,,2,1i( K= . 

Similarly if   denote the column sums of  n21 c,,c,c K )A(Tϕ , then we write 

∑
=

α=
n

i
ijijj ac

1
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Again considering (1.3) we have  

∑
=

α==
n

i
ijijj acAdet

1
    )n,,2,1j( K= . 

 Thus the proof is complete. 
 
Corollary 1. For )(M)a(A nij R∈= , 

Adetne)A(e T
T =ϕ , 

where . T),,,(e 111 K=
 

Proof. We write  

∑ ∑∑
= ==

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
α=α=ϕ

n

i

n

j
ijij

n

j,i
ijijT

T aae)A(e
1 11

 

AdetnAdet
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and the proof is complete. 
 
Theorem 5. For any matrix )(M)a(A nij R∈= , the following statements are true. 

(i) Adet)A(T ≥ϕ 1  
 
(ii) Adet)A(T ≥ϕ

∞
 

(iii) Adet)A( ET ≥ϕ  

(iv) Adetn)A( tT ≥ϕ  

 
 
Proof.  (i) Considering the definition 3 and triangle inequality we have  

AdetAdetmaxamaxamax)A(
nj

n

i
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i
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T ==α≥α=ϕ

≤≤=≤≤=≤≤
∑∑

111111 . 

 (ii) By t��he definition 4 and triangle inequality, we write?? 
 EMBED Equation.3??

?

�

?

��. 

�

?

�  

 (iii) Considering the definition 5 and triangle inequality 
 EMBED Equation.3??

?

�� 

it follows that?? 
 EMBED Equation.3??

??
��ON THE HADAMARD PRODUCTS OF  ITS ADJOINT MATRIX WITH

A SQUARE MATRIX 
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 (iv) Similarly by the definition 6 and triangle inequality we have?? 
 EMBED Equation.3??

?
�

?
�� 
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